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Left-incident boundary conditions (k>0):

Right-incident boundary conditions (k<0):
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²�JVNabFN�BED=TURñ 6N2H�PGTUWER�°Vi °Vr E � Ö | � � ��� Ó §Ï* Õ u * - ªFiµCN�òSbKDOP=RVWIPONXPOJ*BZP=TUR�BE\¡\?PGJVbGN2N�H2BEDGN2DarV²�N£òSRS¢�`SBIHK·EN2PGD�PObKBn¶EN2\¡TURV]�²�TUPGJ�PGJVNXN�÷>`*NtH�PGN2¢èH�\gBEDFDGTUH2BZ\V¶INa\UW>H�Ò
T¡PGTUN2Dar

À Ûf- Ü��Á û �� �½Öo���Cr u À Û�- Ü��Á ûsu �� �½Öo��� BERS¢
À Û Õ Ü��Á û �� � Õ §+�½ÖtªFr!YÑWEb�PGJVNóDGWELVbKH�NErSbFN�ãSNtH�PONt¢ñBZRS¢èPGbFBERSDGc,T¡PGPONt¢`SBEHK·INaPGDar>bGNtDO`!N2HaPOTU¶EN2\U^Zi

Á NaPpLSD�HaBE\U\�� û j«BäPOTUc,Nñ²�JVNaR�PGJVNmDGWELVbKH�Nñ`*BEHK·EN2P�Ê - § ú � �Gª|TgD|N2RMPGTUbGN2\¡^«²�T¡PGJVTURh"�Na]ETUWIR¨ûEiÕ[=JVNDOWILVbFHaN�`SBIHK·ENaP�POJVN2R¨Ô*N2]ETURSD£BZP ú - §áj6ª ûWu y çÖ §Ï�ZÖnª�r8jpBZR*¢ñPOJVN2R¨`VbFWE`SBE]IBEPON2D$POWpPGJVNóbFTU]EJ6P�r!LVR6POTU\;BEP�PGT¡c,N
sal



Region s Region c Region t

X=LX=0Xo

(t=0) (t>tc)(t=t_c)

çeTU]ELSbGNXh À ¥f¶IWE\ULVPGT¡WIR�WZY�POJVN�DGWELSbFHaN�`*BEHK·EN2P�TURèB~]ENaRSNabKBZ\�DGH2BZPGPONabFTURV]~`VbGWIÔV\UNac

Region s Region c Region t

X=LX=0

(t=0)(t>tr) (t=t_r)

ç�TU]ILVbGNXq À ¥�¶EWE\ULVPGTUWER�WEY;POJSN�bGNaãSN2HaPON2¢�`SBIHK·EN2P�TURèBz]INaRVN2bFBE\�DGH2BZPOPGNabFTURV]z`SbGWIÔV\UNac

� � û y ç Ö §Ï�ZÖ2ªF� À Û�- Ü��Á r�TUPGD|H�N2RMPGNab|bFN2BEHKJSN2DzPOJVNñ`!WETUR6P ú8û j.²�JVNabFN�POJVNè`SBEbGPGTUHa\UN�òSbKDOP¨ø�HaWE\U\UTg¢>N2DFùè²�TUPOJ«PGJVN
H�WE\U\UTgDOTUWIR�bFNa]IT¡WIR�ip§Ó MNaN|çeTU]ELVbFN|h>iÙªÞ±=PXPOJSTUDXc,WIc,NaR6P�r�JSBE\¡Y�WZY�POJVN,`*BEHK·EN2P£Na÷>PONaR*¢VDXTURMPGW�"�Na]ETUWIRpþni|­�WIPON
POJSBEP�Ô!N2H2BZLSDGN�Ê - § ú � �Gª�TgD�WERV\U^|Na¶�BZ\ULSBEPONt¢�TUR�"$N2]ETUWER¡ûXTUR¨§©oEjMªKrVPOJVNX`SBEbGP=WZY�POJVN�DGWELVbKH�N�`SBIHK·ENaP�N�÷>PON2RS¢>TURV]T¡R6PGW�"$N2]ETUWER�þóc�BZ·ENtD�RSW�H�WIR6PObFT¡ÔSLVPOTUWERñPGW�PGJVNzòSRSBZ\e²=Bn¶ENóYÑLVRSH�PGTUWERNÊó§ ú � �GªFiz±£D£PGTUc,N�]EW6N2D�WIR�rdÊ - § ú � �GªNa¶EN2R6POLSBE\¡\U^�N2RMPGNabKD�"$N2]ETUWERSD�þ�BERS¢
�eNaR6POTUbFNa\U^ZrEBEPÂ²�JVTgHKJz`!WETUR6P/POJSN£DGWELVbKH�N=`SBIHK·ENaP/N2R6POTUbGN2\U^�¢>TgDGBE`V`*NtBZbKD�YÑbGWIc
POJVN�`VbFWEÔS\¡N2cèi
[=JVN�\UW>HaBZPGTUWER�WZY/POJVNzbGNaãSN2HaPONt¢è`SBEHK·INaP�BEP$POTUc,N�� û j�TUD ú &�§©jMª û y ç Ö §+� Ö ª^� y ç& §+� Ö ªFr?²�JVTgHKJèPOJVN2R¨czL*DOP

Ô*N$N2R6POTUbGN2\U^�²�T¡PGJVTUR�"�Na]ETUWIRSD�þ=BZRS¢
�KiÂ±=PÂPOJSTUDÂ`*WIT¡R6PeTUR|POTUc,NZrEPGJVN$bFN�ãSNtH�PGN2¢~`SBEHK·INaPec�BZ·IN2DeRVW�HaWER6PObFTUÔVLVPGT¡WIR
POW,POJSN�`VbFWEÔV\UNacèi=§JÊ & § ú � �Gª�TgD=WERS\¡^pNa¶�BZ\ULSBEPON2¢�TUR�"�Na]ETUWIR0û�T¡RC§©oEjMªKi¬ª|±£D�POJSTUD$`SBEHK·INaP=POJVN2RèPObKBn¶ENa\gD�POW,PGJVN
\¡NaYÑP�r�Na¶INaR6POL*BZ\U\U^Zr!BEP£PGTUc,N���& û § y ç Ö §+� Ö ªd� y ç& §Ï� Ö ªGª�� À Û�- Ü��Á û ���f� y ç& §Ï� Ö ª�� À Û�- Ü��Á r�TUP£bGNtBEHKJVNtD$POJSN~`!WETUR6P úäû j
BZRS¢èN2c,NabF]EN2D$T¡R6PGW�"$Na]IT¡WIR�ûZr!YÑbFWEc ²�JVNabFN�TUP�H�WIR6POTUR6LVN2D�Ô*BEHK·�POW�²=BZbK¢�PGJVNóDGWELVbKH�NEi�§3 MN2NóçeTU]ELVbFN�q>iÙªp­�WIPON
POJSBEP�POJVN�PGT¡c,N�� & BZP�²�JVTgHKJ�POJVN�bFN�ãSNtH�PGT¡WIRpN2c,NabF]EN2D�TUR6POW~POJVN�`SbGWIÔV\UNac c�Bn^,TgD�¢>Na\gBn^IN2¢,Ô6^pB|`!NabFTUW6¢*�� & û y ç& §Ï�ZÖtªF� À Û�- Ü��Á
YÑbGWIc�POJVN�c,WIc,NaR6P�²�JVNaRèPOJSN�DOWILVbFHaN£`*BEHK·EN2P�òSbFDGP�H�WI\¡\UTg¢>NtDÂ²�TUPOJ�POJVN�DFHaBEPOPGNabFT¡RS]zbFNa]IT¡WIR�i
±=P�� û j>r?POJVNóPObKBZRSDGc,TUPOPONt¢p`*BEHK·EN2PMÊ Õ § ú � �Gª=TgD�\UW>HaBEPON2¢èBEP ú Õ §áj6ª û £ u z � Û z Ù Üz Ù § y ç Ö §Ï� Ö ª]� y çÕ §+� Ö ªOª$BZRS¢H�WER6PFBZTURVN2¢è²�TUPGJVTURñ²�T¡PGJVTUR0"$Na]IT¡WIRSDMû~BERS¢�þni�[=JVTgD$`SBIHK·EN2P$Na¶INaR6POLSBE\U\¡^�Nac,N2bG]IN2D�TUR6POW�PGJVNó`SbGWIÔV\UNac BZP�PGJVN

c,WEc,NaR6Pz²�JVNaR ú Õ §©jMª û £�r�BZP|PGT¡c,N¡� Õ û z � Û z Ù Üz Ù § y ç Ö §Ï� Ö ª]� y çÕ §+� Ö ªOªa� À Û Õ Ü��Á û § y ç Ö §+� Ö ª]� y çÕ §+� Ö ªOªI� À Û�- Ü��Á û

st´



Region s Region c Region t

X=LX=0

(t=0) (t=t_t) (t>t_t)

çeTU]ELSbGN~s2j À ¥�¶EWI\¡LSPOTUWER,WEY�PGJVN�PObKBZRSDGc,TUPOPGN2¢�`*BEHK·EN2P�TURèB~]ENaRSNabKBZ\�DGH2BZPGPONabFTURV]~`VbGWIÔV\UNac

� � � y çÕ §+�½Ötª�� À Û�- Ü��Á � ²�JVTgHKJpTgD�B~`!NabFT¡W>¢ *�� Õ û yÉçÕ §+�½Ötª�� À Û�- Ü��Á\UBEPON2b£PGJSBZRCPOJVN|c,WEc,N2R6P�� � ²�JVN2RmPOJSN|DGWELSbFHaNó`SBIHK·ENaPXH�WI\U\¡Tg¢>NtD=²�TUPOJmPGJVN,DGH2BZPGPONabFTURV]�bFNa]IT¡WIR�i|§3 MN2N|ç�TU]ILVbGN
s2j>iÙª
[;BE·ENaR�BE\U\EPOWI]EN2POJVN2bar½Êó§ ú � �Gª ¢>N2DFH�bFTUÔ*NtD�PGJVNfYÑWI\U\¡W�²�TURV]=DGN2¦MLVNaR*H�NfWEYVNa¶INaR6PGDai;çeTUbFDGP�r�PGJVNabFNfTgD�WIRV\U^�B�`SBEHK·INaP

YÑbGWIc PGJVNzDGWELSbFHaN�PObKBn¶EN2\¡TURV]~POW�POJVN~bFT¡]IJ6P�T¡Rj"�Na]ETUWIRýûzBEP�¶INa\UW>H�TUP3^ À Û�- Ü��Á iX[=JVNaR�r�BEP�POTUc,N�� � û y ç Ö §Ï�ZÖnª�� À Û�- Ü��Á
¢>NaPGNabFc,T¡RSN2¢CÔM^CPOJVN,TURVTUPGTUBE\/H�WER*¢>TUPOTUWERSDar�POJSTUD�`SBEHK·INaP�H�WI\¡\UTg¢>NtD�²�TUPOJäPGJVNpDFHaBZPGPON2bGTURV]�bGN2]ETUWER�r]"$Na]IT¡WIRUþ�i�±
`*N2bGTUW>¢g*�� & û yc& §Ï�ZÖ2ªF� À Û�- Ü��Á \UBEPON2bar?²�JVTgHKJ¨TgD£HKJ*BZbKBEH�PGNabFTgDOPGTUH�WEY�POJSN~DFHaBEPOPON2bGTURV]p`*WIPONaR6PGTUBE\;WIRV\U^Zr�B�bGNaãSN2HaPON2¢
`SBEHK·INaP N2c,NabF]ENtD�ÔSBEHK·�YÑbFWEc®"$N2]ETUWER	þfT¡R6PGW�"$Na]ITUWER�û=BZR*¢�POJSNaRzHaWER6POTUR6LVNtD�POW£c,W�¶ENÂPGW£PGJVN�\¡NaYÑP ²�TUPOJó¶ENa\UW>H�TUP3^u À Û�- Ü��Á ie±�RóBE¢V¢VT¡PGTUWERSBE\�PObKBZRSDGc,TUPOPONt¢�`SBEHK·INaP�N2c,NabF]EN2D?TUR6POW�"$Na]IT¡WIR���B�`*N2bGTUW>¢"*�� Õ û § y ç - §+�½Önª u y çÕ §Ï�ZÖnªOª�� À Ûf- Ü��Á r²�JVTgHKJpBZ]MBZTUR,TgD�B~HKJSBZbKBEHaPON2bGTgDGPOTgH�WZY PGJVN�DGH2BZPOPGNabFTURV]�`!WEPON2R6POTgBZ\!WERV\U^Er6BZYÑPONab=PGJVN�H�WE\U\UTgDOTUWIRzBZP�POTUc,NM� û � � BZRS¢
PObKBn¶ENa\gDXPGW¨POJVN�bGTU]IJMPX²�TUPOJà¶INa\UW>H�TUP3^

À Û Õ Ü��Á iC[=JVNpWEbK¢>Nab�TURà²�JVTgHKJäPOJSNpbFN�ãSNtH�PONt¢àBZRS¢äPGbFBERSDGc,T¡PGPONt¢C`*BEHK·EN2PGDNac,NabF]ENX¢>N2`*N2RS¢VD�WIR�PGJVN�DOTU¯2N2D�WZYh*�� & BERS¢i*�� Õ i¦?>Tj �YBfb�Vsk�DFHJ��klGIHJB9K�Bf��GIQ�R®¬0k�`IÈfR�GIL
µCN�RVW�²ÞH�WIc,`V\UNaPGNÂWELVb�]EN2RVNabKBZ\M¢>TgDGHaLSDFDOTUWERXWEYSDGH2BZPOPGNabFTURV]$POJSNaWEbF^XÔ6^�¶INabFT¡YÑ^MTURV]�Na÷>`V\UTUHaTUPO\U^�POJSBEP;PGJVN�YÑWEbFczLV\gBEN
§Gst´MªFrE²�JSTUHKJz²�N2bGN=¢>N2bGTU¶ENt¢�YÑbFWEc ¢VT � NabFNaR6P�Ô*NtBZc HaWEc,`!WERVN2R6PGD�WZY?B�DGTURV]E\UN�DOPFBZPOTUWIRSBZbF^�DGWE\ULVPGTUWER�PGW�PGJVN$[=QG M¥
¢>WXT¡R*¢>NaNt¢�]ETU¶IN�PGJVN�H�WEbFbFN2H�P�RVWIbGc�BE\¡TU¯tBZPOTUWIRSD?WZY!POJVN=bFN�ãSNtH�PONt¢zBERS¢zPObKBZRSDGc,TUPOPONt¢�`SBEbGPFD�WZY!BERzTURSHaWEc,TURV]$²=Bn¶EN
`SBEHK·INaP�i
[=JVN�PGWEPFBZ\>`VbFWEÔSBEÔVTU\UT¡P3^�BEDFDOW>HaTUBEPONt¢X²�T¡PGJzNtBEHKJzWZYSPGJVN=`SBEHK·INaPGD�TgD�Ô*NtDOP/¢>N2PON2bGc,TURVNt¢�TURóc,WEc,N2R6POLVcÕDG`SBEHaNZi

çSbFWEc s�uóTUD$T¡P$Ha\UN2BZb=PGJSBZP$PGJVN�c,WEc,N2R6POLVc	DG`SBIH�N�²=Bn¶EN£YÑLVRSH�PGTUWERèbGN2`VbFN2DGNaR6PGBEPOTUWER�WZYePOJVNóDGWELSbFHaN�`*BEHK·EN2P�BZP
POTUc,NM��TgD ÍÊ - §+� � �Gª û Í´ §+�Sª+~ � � ÐÑ°Ò ÓÓ)Ô�Õ �
DOW|POJ*BZP�POJSN�POWEPFBZ\�`VbFWEÔ*BZÔVTU\UTUP3^~BIDGDGW>H�TgBZPGN2¢,²�TUPOJ�POJSN�DOWILVbFHaN£`*BEHK·EN2P=TUD% - û �  �� � ÍÊ - § ú � �Gª � � û �  �� � Í´ §Ï�Sª � � û s �
µCN�·6RVW�²8POJSBEP�POJVN�PGWEPGBE\�`VbFWEÔSBEÔVTU\UT¡P3^|BEDFDGW6HaTgBZPONt¢,²�TUPOJ�Ê - c~LSDGP=Ô*N�WIRVNXÔ*NtHaBZL*DONXYÑWIb7�_r�r�j>rVPGJVTgD=TUD=PGJVNWERV\U^¨WIRVN�WZY=POJSNp`SBIHK·ENaPFDX²�JVTgHKJäc�BZ·ENtDXB¨H�WIRMPGbGTUÔVLSPOTUWERCPOW¨PGJVN�POTUc,N,¢>N2`*N2RS¢>NaR6P�²=Bn¶EN|YÑLSRSH�PGT¡WIR�r;²�JSTUHKJ
BZ\U²�Bn^>D�czL*HKJpÔ!N�RVWEbFc�BZ\UTU¯aNt¢?i
[ W.¢>NaPGNabFc,T¡RSN�POJVNèc,WIc,NaR6POLVc DG`SBEHaNpbFNa`VbFN2DGNaR6PGBEPOTUWERàWEY�Ê &n§ ú � �GªKrfYÑWIb~PGJVN�`VLVbF`*WMDON�WZY$ò*RS¢>TURV]mPGJVN

`VbGWIÔSBZÔST¡\UTUP3^XWZY�bFN�ãSNtH�POTUWIRk%[&�r6²�N�c~LSDGP/c�BZRVTU`VLS\UBEPON£§GsthMª�TUR6POWXPOJSN$YÑWEbFc WEY�B�DOPFBZRS¢SBZbK¢zç*WELVbFTUNabePObKBZR*DÓYÑWIbGcèi
µCN¨c�Bn^ÞBIHaHaWEc,`V\UTgDOJàPGJVTgD,Ô6^«c�BE·MTURV]CPOJVNCHKJSBZRV]INèWZYX¶nBEbGTgBEÔV\UN2D�� t u �!i �£RS¢>Nab�DOLSHKJ�BäHKJSBERV]ENèWZY

s2¹



¶nBEbGTgBEÔV\UN2Dar ¥ �� �  ��mlV§+�Sª t ¥ � �� § u  ��SªnlS§ u �*ª û ¥ �� �  ��olS§Ï�SªKr�DGW�PGJSBZP	�mTgD�DOTUc,`V\U^�bGN2`V\gBEH�Nt¢ñÔ6^ u �mT¡RPOJVN�TUR6PON2]EbKBZRS¢plV§+�SªFif±�`V`V\U^6T¡RS]zPGJVTgD=POW�§GsthMªfPOJVN2Rè]ETU¶ENtD�L*D
Ê & § ú � �Gª û �  Z�Ë o�Ì Í´ § u �Sª��M§ u �SªJ~ � z&� ~ � �'ÐÑ&ÒJÓÓ�Ô�ÕdÍÊ & §Ï� � �Gª û Í´ § u �SªQ�M§ u �Sª+~ � � ÐÑ&Ò ÓÓ�Ô�Õd% & û �  �� � Í´ § u �*ª � � � �M§ u �Sª � � §©oZl6ª

û �  �� � Í´ §Ï�*ª � � � �M§Ï�Sª � � �
²�JVNabFNmTUR�POJSNC\gBEDGPpDGPON2` ²�NCJSBn¶EN.HKJSBZRS]EN2¢�Ô*BEHK·½POW«PGJVN.WEbFT¡]ITURSBZ\���¶�BEbGTgBZÔS\¡NèÔ6^�c�BZ·6TURV]àPOJSN.HKJSBERV]EN� t5u �|WERSHaN�BE]IBET¡R�i�[=JVTgD�TUD�POJSN�HaWEc,`V\UNaPGNZr Ê�qMÈEÇaÉ N�÷>`VbFN2DFDOTUWIR|YÑWEb�POJVN�bGNaãSN2HaPOTUWERp`VbGWIÔSBZÔST¡\UTUP3^Zil�£N2RVNabKBZ\U\U^Zr
²�NX¢>N2BE\*TUR�POJVN Í!ÈZË�ËGôsr � ÈEÇ�t�ÊaÉ�È ��� ËFôuqEÌ % ÈZÉ�Ì�ôZÍ LVRS¢>N2b=²�JVTgHKJ � Í´ §Ï�Sª � rVc~LSHKJ,\UTU·EN�Bó_£TUbKBEHHv u YÑLVRSH�PGTUWER�TgD�DOWH�WER*H�NaR6PGbFBEPON2¢|BEÔ*WILVP9� û � Ö POJ*BZPÂRVN2TUPOJVN2bw�I§+�SªeRSWEbf�K§+�Sª�¶�BZbF^zDGTU]ERVT¡ò*H2BZR6PO\U^XW�¶EN2b/POJVN$bKBZRS]EN=WZY^�óYÑWEbÂ²�JSTUHKJ� Í´ §Ï�Sª � TgD$BE`V`VbFN2H�TgBEÔV\UNZi_�£RS¢>N2b�POJSN2DGNzH�TUbKH�LVc�DGPGBERSH�NtD�r � �M§Ï�Sª � c�Bn^pÔ*NzbGN2`V\gBEH�Nt¢�POWpB,]IW6W6¢èBE`V`VbFWn÷6TUc�BEPOTUWERÔM^pT¡PFD=¶�BZ\ULVN�BZP�� û �ZÖnrSDGW|POJSBEP % &yx �  �� � Í´ §Ï�Sª � � � �I§+�½Önª � �

û � �M§+� Ö ª � � �  Z� � Í´ §+�Sª � �
û � �M§+�½Ö�ª � � �

²�JVTgHKJ�TgD�²�JSBZP�²�N�YÑWELVR*¢�TURC§Gsn´IªfÔSBEDGN2¢�WER�POJSN�`VbGWIÔSBZÔST¡\UTUP3^|H�LVbFbGN2R6P�i
[ W�¢>NaPGNabFc,T¡RSNfPOJSNfYÑLV\U\ár Ê�qMÈIÇ�É YÑWEbFcÕWZY*POJVN=`VbFWEÔSBEÔVTU\UT¡P3^�WZYSPGbFBERSDOc,TgDFDOTUWIR % Õ rE²�N�bFN2¦MLVTUbGNfPOJVN�c,WEc,N2RMPGLVcDO`SBIH�N�bGN2`VbFN2DGNaR6PGBEPOTUWERàWEY�Ê Õ § ú � �GªFi�[ Wä¢>WäPOJSTUD~²�N�RSWEPONèPGJSBZP�§GstqMªz¢>W6N2D~RVWIP|BE`V`!N2BZb~TUR«PGJVNñDOPFBZRS¢VBEbF¢c,WEc,NaR6PGLVc bGN2`VbFN2DGNaR6PGBEPOTUWER,YÑWIbGcüÔ*NtHaBELSDONXPGJVN�¶�BZbFTgBZÔV\UN�WEY;TUR6PON2]EbKBZPOTUWIR�rO�?rSTgD=RVWEP�PGJVN�DGBEc,N£²=Bn¶ENX¶IN2H�PGWEb

²�JVTgHKJCBZ`S`*NtBZbKD�¢VN2DFH�bFT¡ÔST¡RS]pPOJSN~`SLVbGN|c,WIc,NaR6POLVc DGPGBEPONtD�rl� Õ i�[ Wè`VbFW>¢>LSH�N|PGJVN,c,WEbFN�Y�BEc,T¡\UTgBZb$YÑWEbFcèr�²�NDOJVWILV\g¢ñPOJ6LSD�HKJSBERV]ENzPOJVN~¶�BZbFTUBEÔV\UN�WZYÂTUR6PON2]EbKBZPOTUWIR�PGW¡� Õ i|§GstoMª�]ITU¶EN2D$POJVN~bGN2\gBZPOTUWIRSDOJST¡`�Ô!NaP3²�NaNaRN�ñBZR*¢p� ÕDOW|POJ*BZP�²�N�c�Bn^,`!NabGYÑWEbFc�PGJVN�HKJSBZRS]EN�WZYe¶nBEbGTgBEÔV\UN2DÂTURC§GstqMªFi

Ê Õ § ú � �Gª û �  Z�Ë o�Ì Í´ §Ï�Sª a �� Õ §Ï�*ª �K§Ï�*ª+~ � z � Û z!Ü Û � �c= Ü ~ � � ÐÑ&Ò ÓÓ)Ô�Õ
û � z z �Û z z � 
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